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1 Introduction
$\ovalbox{\tt\small REJECT}_{nr,\}}=\ovalbox{\tt\small REJECT}_{n,r}(q, Q_{1}, \cdots, Q_{r})$ $\mathbb{C}$ $q,$ $Q_{1},$ $\cdots,$ $Q_{r}\in \mathbb{C}\backslash \{0\}$
$(S_{n}\ltimes(\mathbb{Z}/r\mathbb{Z})^{n}$ Ariki-Koike algebra , $S_{nr,)}=$
$S_{n,r}(q, Q_{1}, \cdots, Q_{r})$ $\ovalbox{\tt\small REJECT}_{n,r}$ cyclotomic q-Schur algebra $\ovalbox{\tt\small REJECT}_{n,r}$
[Al]
$\ovalbox{\tt\small REJECT}_{n,r}$ $S_{n,r}$ double centralizer property , $S_{n,r}$
[DJM] , $S_{n_{2}r}$ cellular basis
, cellular algebra ([GL], [Ml, Ch.2] )
,
, $S_{n,r}$ ,
$\mathcal{A}$ , $\mathcal{A}$ , $\mathcal{A}$
? $\mathcal{A}$
, $\mathcal{A}$ , $\mathcal{A}$
, $\mathcal{A}$ , tame
wild , , $\mathcal{A}$
, 1
, [W2] , $S_{n,r}$
, $r=1$ , $S_{n,1}$ , A q-Schur algebra
, [EN] $S_{n,1}$ $q$ , $q$ 1
$q$ 1 $e$ , $S_{n,1}$
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Theorem 1.1 [EN]
$S_{n,r}$ , $n<2e$
, $r\geq 2$ $S_{n,r}$ [DM]
,
(CP) $q$ 1 $e$ , $Q_{i}=q^{f_{i}}(i=1, \cdots, r)$ , $f_{i}\in \mathbb{Z}$ ,
$0\leq fi\leq f_{2}\leq\cdots\leq f_{r}\leq e-1$
, 3
$f^{+1}(Q_{1}, \cdots, Q_{r})=\min\{f_{i+1}-f_{i}|i=1,$ $\cdots,$ $r\}$ ,
$f^{+2}(Q_{1}, \cdots, Q_{r})=\min\{f_{i+2}-f_{i}|i=1,$ $\cdots,$ $r\}$ ,
$g(Q_{1}, \cdots, Q_{r})=\min\{g_{i}+g_{j}|1\leq i\neq j\leq r\}$ ,
, $f_{r+i}=e+f_{i}$ , $g_{i}=f_{i+1}-f_{i}$ ,
$Q_{1},$ $\cdots,$ $Q_{r}$ , $q$
, $S_{n,r}(q, Q_{1}, \cdots, Q_{r})$
Theorem 1.2 $([$W2, Theorem 3.11] $)$
(i) $r=2$ , $S_{n,2}(q, Q_{1}, Q_{2})$ ,
$n< \min\{e,$ $2f^{+1}(Q_{1}, Q_{2})+4\}$ .
(ii) $r\geq 3$ , $S_{n,r}(q, Q_{1}, \cdots, Q_{r})$ ,
$n< \min\{2f^{+1}(Q_{1}, \cdots, Q_{r})+4,$ $f^{+2}(Q_{1}, \cdots, Q_{r})+1,g(Q_{1}, \cdots, Q_{r})+2\}$ .
, $Q_{1},$ $\cdots,$ $Q_{r}$ , $n$ , $q$
, $n<e$ , $Q_{1},$ $\cdots,$ $Q_{r}$ $q$
, $S_{n,r}$
, $\mathbb{C}$ , $r$
, $S_{n,r}$ Jantzen sum formula
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, Ariki-Koike algebra , Weyl Hecke algebra
, $S_{n,r}$ $e_{\omega}$
, $e_{\omega}S_{n,r}e_{\omega}\cong\ovalbox{\tt\small REJECT}_{n,r}$ ,
, $S_{n,r}$ , $\ovalbox{\tt\small REJECT}_{n,r}$
( $S_{n,r}$ $\ovalbox{\tt\small REJECT}_{n,r}$ ,
$\mathfrak{y}$
, Ariki-Koike algebra $\ovalbox{\tt\small REJECT}_{n,r}$ $r=1$ , $\mathfrak{S}_{n}$ Hecke algebra
, $r=2$ , $B$ Weyl (unique parameter ) Hecke
algebra , $\ovalbox{\tt\small REJECT}_{n,r}$ $B$ Hecke algebra
Weyl Hecke algebra , [U] , Weyl
l-parameter $q$ Hecke algebra , $q$
Weyl Poincar\’e (
$)$ , Weyl [AM]
[A2] , Weyl [Miy]
[AM], [A3] , unequal parameter Hecke algebra ,
tame , wild
, l-parameter $q$ Ariki-Koike algebra $\ovalbox{\tt\small REJECT}_{n_{r}r}(q)$
( , [DM] ), $S_{n,r}(q)$ (
, $\ovalbox{\tt\small REJECT}_{n,r}(q)$ ) , $q$ $\mathfrak{S}_{n}\ltimes(\mathbb{Z}/r\mathbb{Z})^{n}$ Poincar\’e
2
, [DJM] , $S_{n,r}$ quasi-
hereditary cellular algebra ,
$n$ r-partition $\Lambda_{n,r}^{+}$ standard module $W^{\lambda}$
$(\lambda\in\Lambda_{n,r}^{+})$ (Weyl module ) , $W^{\lambda}$ $L^{\lambda}=$
$W^{\lambda}/$ rad $W^{\lambda}$ , $\{L^{\lambda}|\lambda\in\Lambda_{n,r}^{+}\}$ $S_{n,r}$
$W^{\lambda}$ $L^{\mu}$ , $[W^{\lambda}:L^{\mu}]$
, $([W^{\lambda}:L^{\mu}])_{\lambda,\mu\in\Lambda_{n,r}^{+}}$ $P^{\lambda}$ $L^{\lambda}$
cellular algebra , , $P^{\lambda}$
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$L^{\mu}$ , $S_{n,r}$ quasi-hereditary
, , “ ” , $P^{\lambda}$ radical series
$P^{\lambda}$ ,
, [JM] , Jantzen
sum formula , , “
” , Jantzen sum formula , $S_{n,r}$
, , “ ”
, , $S_{n_{t}r}$ , Jantzen sum
formula , , $S_{n,r}$ ,
, 2.1
, , $S_{n_{\gamma}r}$
, [SW] [Wl] $S_{n,r}$ ,
$r=2,3,4$ , “





quasi-hereditary cellular algebra , , $S_{n,r}$
quasi-hereditary cellular algebra $S_{n,r}$ Weyl-
module (standard module) $W^{\lambda}(\lambda\in\Lambda_{n,r}^{+})$ , $W^{\lambda}$
$S_{n,r}$ , $S_{n,r}$ $\mathcal{B}$ standard
module , $S_{n,r}$ Weyl module , $\mathcal{B}$ , $W^{\lambda}$
$\mathcal{B}$ , $\mathcal{B}\cdot W^{\lambda}=0$ ,
$\mathcal{B}$ , $S_{n,r}$ , $\mathcal{B}$ Weyl module
, [LM] , $\Lambda_{n,r}^{+}$
$q,$ $Q_{1},$ $\cdots,$ $Q_{r}$
“ ” $t$ $S_{n,r}$
, $\lambda,$ $\mu\in\Lambda_{n,r}^{+}$ $W^{\lambda}$ $W^{\mu}$
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,, $S_{n,r}$ , (
) Jantzen sum formula $S_{nr,)}$
,
$D=(\begin{array}{llll}1\ddots 1 1 \ddots\ddots 11\end{array})$ $($ all omitted entries are zero).
, $S_{n,r}$ $\mathcal{B}$ Weyl module $W^{\lambda_{1}},$ $W^{\lambda_{2}},$ $W^{\lambda_{3}}$ 3
, $\lambda_{3}\triangleright\lambda_{2}\triangleright\lambda_{1}$ $\underline{\triangleright}$” , $\Lambda_{n,r}^{+}$
dominance order $P^{\lambda_{i}}$ $L^{\lambda_{i}}(i=1,2,3)$ , cellular
algebra , $P^{\lambda_{i}}$ , Weyl module $W^{\lambda_{j}}$
ltration , ,
$(*1)$ $[P^{\lambda_{i}}:W^{\lambda_{j}}]=[W^{\lambda_{j}}:L^{\lambda_{i}}]$
, $\mathcal{B}$ quasi-hereditary , $i\geq j$
,
$(*2)$ [rad $P^{\lambda_{i}}/$ rad2 $P\lambda_{i}$ : $L^{\mu_{j}}$ ] $=[radP^{\lambda_{j}}/rad^{2}P^{\lambda_{j}} : L^{\mu_{i}}]$
$=[radW^{\lambda_{i}}/$ rad2 $W\lambda_{i}$ : $L^{\mu_{j}}]$
$\mathcal{B}$ ,
$W^{\lambda_{1}}=L^{\lambda_{1}}$ , $W^{\lambda_{2}}=_{L^{\lambda_{1}}}^{L^{\lambda_{2}}}$ , $W^{\lambda_{3}}=_{L^{\lambda_{2}}}^{L^{\lambda_{3}}}$
, $W^{\lambda_{i}}$ radical series , 1 $W^{\lambda_{i}}$ lst
radical layer, 2 $W^{\lambda_{i}}$ 2nd radical layer $(*1)$ $(*2)$ ,
$P^{\lambda_{i}}$ radical series ,
$L^{\lambda_{1}}$ $L^{\lambda_{2}}$
$P^{\lambda_{1}}=L^{\lambda_{2}}$ , $P^{\lambda_{2}}=L^{\lambda_{1}}\oplus L^{\lambda_{3}}$ , $P^{\lambda_{3}}=_{L^{\lambda_{2}}}^{L^{\lambda_{3}}}$
$L^{\lambda_{1}}$ $L^{\lambda_{2}}$
64
, $\mathcal{B}$ basic algebra
$\mathcal{B}’=$ End
$e(P^{\lambda_{1}} \oplus P^{\lambda_{2}}\oplus P^{\lambda_{3}})\cong\bigoplus_{1\leq i,j\leq 3}Hom_{B}(P^{\lambda_{i}}, P^{\lambda_{j}})$
$Hom_{\mathcal{B}}(P^{\lambda_{i}}, P^{\lambda_{j}})$ , $P^{\lambda_{i}}$ top ,
unique $e_{i}\in Hom_{\mathcal{B}}(P^{\lambda_{i}}, P^{\lambda_{t}})$ , $P^{\lambda_{i}}$ identity map
, $Hom_{\mathcal{B}}(P^{\lambda_{i}}, P^{\lambda_{j}})(|i-j|=1)$ , top$P^{\lambda_{i}}=L^{\lambda_{i}}$
- , 1 , $Hom_{\mathcal{B}}(P^{\lambda_{i}}, P^{\lambda_{j}})=\mathbb{C}f_{ij}$
, $Hom_{\mathcal{B}}(P^{\lambda_{1}}, P^{\lambda_{3}})=Hom_{\mathcal{B}}(P^{\lambda_{3}}, P^{\lambda_{1}})=0$ $r\in \mathbb{C}$ ,
$fi_{2}f_{21}\neq re_{1},$ $f_{21}f_{i_{2}}\neq re_{2}$ , ,
$e_{1},$ $e_{2},$ $e_{3},$ $f1_{2},$ $f_{23},$ $f_{32},$ $f_{21},$ $fi_{2}f_{21},$ $f_{21}f_{12}$
, $\mathcal{B}’=$ End$\mathcal{B}(P^{\lambda_{1}}\oplus P^{\lambda_{2}}\oplus P^{\lambda_{3}})$ ,
, , quiver $Q$ , $\mathcal{I}$
$\mathbb{C}Q/\mathcal{I}$
$Q=(1arrowarrow\alpha_{21}\alpha_{12}2arrowarrow\alpha_{32}\alpha_{23}3)$
, $\mathcal{I}$ path path algebra $\mathbb{C}Q$ $\mathcal{I}=$
$\langle\alpha_{23}\alpha_{12},$
$\alpha_{32}\alpha_{23},$ $\alpha_{21}\alpha_{32},$ $\alpha_{12}\alpha_{21}-\alpha_{32}\alpha_{23}\rangle_{ideai}$ . , $i$ $0$
path $\mathcal{B}’$ $e_{i}$ , path $\alpha_{ij}$ $\mathcal{B}’$ $f_{ij}$ $\mathbb{C}Q/\mathcal{I}$





cyclotomic q-Schur algebra ,
, $S_{n,r}(q, Q_{1}, \cdots, Q_{r})$ $m$ $\leq$ $n$ , $k$ $<$ $r$ ,
$S_{m,k}(q, Q_{1}, \cdots, Q_{k})$ , $S_{n,r}$ ,
$p=(k, r-k),$ $\eta=(m,n-m)$ , $p$ $\eta$ $S_{n,r}$
65
$e_{\eta}$ $S_{n,r}^{\eta}:=e_{\eta}S_{n,r}e_{\eta}$ , $S_{n,r}$ , $S_{n,r}^{\eta}$
$\overline{S}_{n,r}^{\eta}$ , $S_{n,r}$ cellular basis
, [SW] ,
$\overline{S}_{n,r}^{\eta}\cong S_{m,k}(q, Q_{1}, \cdots, Q_{k})\otimes S_{n-m,r-k}(q, Q_{k+1}, \cdots, Q_{r})$
, cellular basis ,
Ariki-Koike algebra
, , $S_{m,k}(q, Q_{1}, \cdots, Q_{k})$ , , $\overline{S}_{n,r}^{\eta}$
, $S_{n,r}^{\eta}arrow\overline{S}_{n,r}^{\eta}$ $\overline{S}_{n,r}^{\eta}$- $S_{n,r}^{\eta}$ -
, $\overline{S}_{n,r}^{\eta}- l$ ’ $S_{n,r}^{\eta}$-
$S_{n,r}^{\eta}$ , $S_{n,r}^{\eta}$ , $S_{n,r}$ $e_{\eta}$
$mod- S_{n,r}^{\eta}$ $mod- S_{n,r}$ $\otimes_{\ovalbox{\tt\small REJECT}_{n,r}^{\eta}}S_{n,r}$ ,





(i) $r=2$ $n \geq\min\{e, 2f^{+1}(Q_{1}, Q_{2})+4\}$ , $S_{n,2}(q, Q_{1}, Q_{2})$
$($ ii $)$ $r=3$
$n< \min\{e,$ $2f^{+1}(Q_{1},$ $Q_{2},$ $Q_{3})+4\}$
$n\geq f^{+2}(Q_{1}, Q_{2}, Q_{3})+1$
, $S_{n,3}(q, Q_{1}, Q_{2}, Q_{3})$
(iii) $r=4$
$n< \min\{2f^{+1}(Q_{1}, \cdots, Q_{4})+4, f^{+2}(Q_{1}, \cdots, Q_{4})+1\}$
$B>$
$n\geq g(Q_{1}, \cdots, Q_{4})+2$
, $S_{n,4}(q, Q_{1}, \cdots, Q_{4})$
, $\ovalbox{\tt\small REJECT}_{n,r}$ $e_{\omega}$ , $e_{\omega}S_{n,r}e_{\omega}\cong\ovalbox{\tt\small REJECT}_{n,r}$
66
, $\ovalbox{\tt\small REJECT}_{n,r}$ , $S_{n,r}$
, $r=2$ , $\ovalbox{\tt\small REJECT}_{n,2}$ (unique parameter ) $B$
Hecke algebra , $\ovalbox{\tt\small REJECT}_{n,2}$ , [AM]
, (i)
(ii),(iii) , $S_{n,r}(r=3$ or 4$)$
, $S_{n,r}$ $\mathcal{B}$
, [LM]
$\mathcal{B}$ $\overline{\mathcal{B}}$ , $\overline{\mathcal{B}}$ Jantzen sum formula





, $P^{\lambda}$ , $\overline{\mathcal{B}}$ , $L^{\lambda}$ top , $L^{\mu},$ $L^{\nu}$ $L^{\lambda}$
, $\overline{\mathcal{B}}$ , $End_{\overline{\mathcal{B}}}(P^{\lambda})\cong \mathbb{C}[x, y]/\langle x^{2},xy,$ $y^{2}\rangle$
, $\mathbb{C}[x, y]$ $\mathbb{C}$ $x,$ $y$ , $\langle x^{2},xy,$ $y^{2}\rangle$
, $x^{2},xy,$ $y^{2}$ $\mathbb{C}[x,y]$ $\mathbb{C}[x, y]/\langle x^{2},xy,$ $y^{2}\rangle$
, , $End_{\overline{\mathcal{B}}}(P^{\lambda})$ ,
, $\mathcal{B}$ , $S_{n,r}$ ,
, ,
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